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Describing Levels and Components
of a Math-Talk Learning Community

Kimberly Hufferd-Ackles, Karen C. Fuson, and Miriam Gamoran Sherin
Northwestern University

The transformation to reform mathematics teaching is a daunting task. It is often
unclear to teachers what such a classroom would really look like, let aone how to
get there. This article addresses this question: How does a teacher, along with her
students, go about establishing the sort of classroom community that can enact
reform mathematics practices? Anintensive year-long case study of oneteacher was
undertaken in an urban elementary classroom with Latino children. Data analysis
generated developmental trajectories for teacher and student learning that describe
the building of amath-talk learning community—acommunity in which individuals
assist one another’ s learning of mathematics by engaging in meaningful mathemat-
ical discourse. The developmental trgjectoriesin the Math-Talk Learning Community
framework are (a) questioning, (b) explaining mathematical thinking, (c) sources of
mathematical ideas, and (d) responsibility for learning.

Key words: Classroom interaction; Pedagogical knowledge; Reform in mathematics
education; Teaching (role, style, methods), Teaching practice

The successful implementation of mathematics education reform requires that
teachers changetraditional teaching practices significantly, and develop adiscourse
community in their classroom (National Council of Teachers of Mathematics
[NCTM], 2000). Y et the prospect of creating such acommunity isdaunting to many
teachers; they often do not know whereto beginto create the kind of discourse prac-
ticesdescribed by NCTM. Thegoal of thisarticleisto introduce aframework that
can help to guideteachers' work inthisareaand to facilitate researcher and teacher
educator understanding of this process.

Over the past decade, numerous studies have investigated teachers' attempts
to change their mathematics instruction in light of the goals of reform (e.g.,
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Cohen, 1990; Fennema & Nelson, 1997; Wood, Cobb, & Yackel, 1991). Some
of thiswork highlightsthe need for increased subject matter knowledge and peda-
gogical content knowledge on the part of teachers and, in particular, the impor-
tance of providing opportunities for teachers to learn about student thinking
(Fennemaet al., 1996). Other research describes the many dilemmasthat teachers
face in trying to implement reform, and more specifically in establishing a
discourse community. For example, teachers may find that students disengage
somewhat asthey use more challenging tasks (Romagnano, 1994; Stein, Grover,
& Henningsen, 1996). In other cases, as teachers open up their classroom for
students' ideas, they find it more difficult to manage the mathematical direction
that instruction takes or find that students are making claimsthat are mathemat-
ically incorrect (Jaworski, 1994; Sherin, 2002a; Silver & Smith, 1996). A third
dilemmainvolvesteachers' sense of efficacy (J. P. Smith, 1996). Teachersfind
that in the context of reform, it is much more difficult to predict where alesson
will go and thus more difficult to anticipate and prepare for their rolein instruc-
tion (Heaton, 2000; Sherin, 2002b; M. S. Smith, 2000). Thus, although the
development of a discourse community is seen as a critical step in the imple-
mentation of reform, teachers may face difficulties and dilemmas as they make
this transition.

Inthisarticle, we addressthisissue by introducing atheoretical framework that
elaborates the development of a math-talk learning community. By math-talk
learning community, we refer to aclassroom community in which the teacher and
students use discourse to support the mathematical learning of all participants.
A primary goal of such a community is to understand and extend one's own
thinking as well as the thinking of othersin the classroom. The framework we
offer extends prior research on teacher change in the context of reform by
describing key components of amath-talk learning community aswell astheinter-
mediary levels along which the community develops. This description seeks to
provide teachers with steps to develop their classroom into a rich math-talk
learning community. Such step-by-step changes can affect classroomson alarge
scale, particularly if passage through the steps can al so be supported by reform-
based curriculum materials (Ball & Cohen, 1996).

This article is based primarily on a case study of one teacher who began the
year by teaching in atraditional manner in her urban Latino third-grade class-
room. Over the course of the year, however, she had considerable success in
implementing mathematics education reform, particularly in the area of whole-
class discourse. Many educational reforms bypass classrooms with children
from poor or non-English speaking backgrounds (Spillane, 2001) partly because
such children are assumed not to be linguistically prepared to participate in
reform-based practices. Thus, successin this caseis particularly significant for
it supports the notion that urban classrooms with students that are below grade
level in mathematics can function and learn as amath-talk learning community.
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PERSPECTIVES ON TEACHING AND LEARNING

Two positions anchor the perspectives on teaching and learning that framethe study
reported here. First, aVygotskian viewpoint, as articulated by Gallimore and Tharp
(1990) suggeststhat teaching isbeneficial when it “awakensand rousesto lifethose
functionswhich arein astage of maturing, which lie in the zone of proximal devel-
opment” (p. 177). Thus, learning occurs when assistance is provided at opportune
points in the learner’s zone of proximal development. Furthermore, Vygotsky's
notion of movement from the inter-psychological to the intra-psychologica plane
characterizes performance as moving from being assi sted to being independent over
time. In this study, both the teacher and the students moved through their own
learning zones of proximal development. Moreover, they assisted one another in a
recursive process as they moved through variouslevelsof development. Inthisarticle,
we describethekinds of assistance provided to the students asthey successfully inter-
nalized new rolesin the math-talk learning community. Although the focus teacher
was also provided with various means of assistance in her development (e.g.,
researcher interviews, implementation of aresearch-based curriculum, teacher meet-
ings, and supportive administrators), describing these means of assistanceisbeyond
the scope of this article (see Hufferd-Ackles, 1999). Instead, what is central hereis
thedescription of changesin teacher and student interactions asthey moved together
through learning zones of each new level of the math-talk learning community.

The other perspective that anchors this research is a constructivist and sociocon-
structivist view of learning (e.g., Cobb, 1994; Cobb & Bauersfeld, 1995; Cobb, Wood,
& Yackel, 1990; Cobb, Yacke, & Wood, 1993). This socioconstructivist episte-
mology blends radical constructivism (von Glasersfeld, 1990) and sociocultural
perspectives. Fromaradical constructivist’s perspective, learningisabout self-orga
nization. Social construction of knowledgeisrelated to aV ygotskian perspective and
asserts that an individua’s learning is affected by participating in a wider culture,
the classroom, and the outsideworld (e.g., Cobb, 1994). For example, taken-as-shared
mathematical meaningsare constructed through aprocess of interactingin acommu-
nity; these meanings become cultural representations and norms for interacting
(Cobb & Bauersfeld, 1995). What is critical for our research isthe notion that in a
constructivist classroom, participants consider all members of the community to be
constructing their own knowledge and reflecting on and discussing this knowledge.

METHOD
Participants
Four teachersfrom St. Peter Elementary School* participated in this study during

the 19971998 school year. St. Peter isaCatholic school located in aworking-class,
Latino section of alarge U.S. city. Ninety-eight percent of students receive schol-

1 pseudonyms are used throughout this article for the school, teacher, and students.
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arships toward their tuition from the parish and broader Jesuit-sponsored
fundraisers. Three of the teachers were in their second year of teaching, and one
teacher had no prior teaching experience. Two of the teachers were female, and
two were male; two of the teacherswere L atino, and two were European-American.
The mgjority of the children in the school spoke English astheir second language
and Spanish astheir first language. The school had one class at first, second, third,
and fourth grade. The four teachers each taught one of these grades in self-
contained classrooms.

Aswill beexplained shortly inthe article, the third-grade classroom becamethe
focus of a case study. This teacher had taught for 1 year previously, and she and
her students moved from second grade to third grade together. Her class of 25
students represented awide range of achievement level sbased on their performance
during the previous year. Spanish wasthe language spoken by all of these students
at home, though many students' grasp of English was also fairly strong. The
teacher was bilingual and consistently monitored student comprehension of
language. The students sometimes slipped into Spanish when they were excited
about something or when they were working particularly hard to be understood.

Curriculum

As part of the study, the four teachers implemented the research-based mathe-
matics curriculum, Children’ sMath Worlds (CMW) (Fuson et a., 1997). The CMW
curriculum is based on years of research into the manner in which children learn
and understand number concepts. CMW contains key conceptua supportsincluding
language and representations that help mathematics to become personally mean-
ingful to studentsand that provide acontext through which students can sharetheir
ideaswith others. Thiscurriculum suggeststhat students make mathematical draw-
ings to solve problems and explain their thinking and label these drawings and
related equationsto link them to the problem situation. Because the students at St.
Peter were not learning mathematics in their first language, such visual referents
were particularly important. In addition, the curriculum provides support for
students to use alternative methods of solving problems. It also supports teacher
understanding of these alternative methods by providing information about
predicted students' responseto arange of activities. CMW emphasizesthe building
of alearning community and of meaning making for both student and teachers.

The CMW curriculum was the designated mathematics curriculum at St. Peter
School for first through third grades and for part of the fourth grade. Because the
teachersin this study were using instructional tasksfrom the curriculum, they were
able to concentrate on the development of their practice rather than on the devel-
opment of instructional tasks that may or may not have offered students signifi-
cant opportunities to extend their mathematical thinking (e.g., Wood, Cobb, &
Y ackel, 1991). Prior to the teacher’ sdeparture for maternity leave, her third-grade
class completed the units on two major topics. single-digit multiplication and
division and multidigit addition and subtraction.
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Classroom Observations

The four teachers were observed throughout the year, although each was on a
dlightly different observation schedule. The first-grade class was observed either
once per week or every other week; the second-grade classwas observed twice per
week from November to February and once per week thereafter through June; the
third-grade class was observed twice per week from September to mid-April (at
which point the teacher left for maternity leave); and the fourth-grade class was
observed twice per week inthefall and every other week in the spring. Most obser-
vations were videotaped, and those that were not were audiotaped. Following
each observed class, apostobservation interview was conducted individual ly with
each teacher with the exception of the first-grade teacher. Because the first-grade
classes were conducted in Spanish, these lessons were videotaped for a Spanish-
speaking researcher to analyze. That researcher conducted telephone interviews
with the teacher.

Two researchers conducted most classroom visits to the second-, third-, and
fourth-grade classes. One researcher videotaped the mathematics lesson, and the
other took detailed notes. The priorities of the videographer in the classroom were
to follow the teacher or other speaker and to record all student work on the board.
For the observationsthat were not videotaped, there was one researcher in theroom
taking notes, and the lessons were audiotaped. The tapes provided permanent
records for later analysis.

Thefirst priority for notetaking wasto follow the teacher and document as many
of his or her actions and words as possible. Notes were made of what happened
during each segment of the class, important teacher and student conversations, ques-
tions, and statements, all student board work, noteworthy instructional practices, and
classroom social climate (e.g., how many students rai sed their hands to respond to
theteacher or another student). The note-taking researcher had several yearsof class-
room teaching experiencethat were hel pful in understanding the complexities of the
teacher’ srole and attending to multiple simultaneous events (see Day, 1988).

During the following year, in the classroom of the third-grade teacher, seven
classroom observations were conducted over the first 2 months of school. These
visits focused on the formation of a math-talk learning community with the new
class of students. Postobservation questionsfocused on theteacher’ sunderstanding
of the devel opment of thiscommunity in her classroom and on her continued math-
content and math-pedagogy learning.

Teacher Meetings

All teachers met together twice monthly to discuss their mathematics teaching.
These meetingswereinitiated by the St. Peter administrators, the principal and assis-
tant principal, who were advocates and catalystsfor reformin al subject areas. The
field researcher facilitated these meetings throughout the year. Each meeting was
videotaped or audiotaped.
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DATA ANALYSIS
Phases

Data analysis consisted of three main phases. The first phase of analysis
occurred during the data collection period and informed the data collection
process (Miles & Huberman, 1984). Throughout thistime, the field researcher,
who isthefirst author of thisarticle, met regularly with the other researchersto
discuss the detailed observations notes that were available from the classrooms.
The goal at this point was to identify significant changes that were occurring
across and within the classrooms. Three researchers read the field notes inde-
pendently; thus, the meetings served as a form of investigator triangulation
(Denzen, 1984). Investigator triangul ation also took place as datawere examined
inlight of current literature on teacher learning and mathematics reform as well
asof ongoing research on the use of CMW (see Fuson, Smith, & Lo Cicero, 1997;
Fuson et a., 2000) and of the reform-based curriculum Everyday Mathematics®.
Working hypotheses were examined as data analysis and data collection inter-
acted (e.g., Spillane, 2000), and ensuing observations and interviews were modi-
fied to pursue issues as they were identified.

Based on this analysis, it was determined that the practice of the third-grade
teacher, Ms. Martinez, had exhibited dramatic change over the course of the
school year. Although there were positive changes in the direction of reformin
each of theteachers' practices, Ms. Martinez’ s class showed the most change. It
began as very traditional and moved to a fully implemented mathematical
discourse community. This classroom was therefore selected as the focus of a
case study.

The second phase of analysis consisted of a case study of the third-grade
teacher, Ms. Martinez. Thisinvolved an analysis of classroom discourse, teacher
interviews, and teacher meetings based on verbatim transcriptions of video-
taped and audiotaped recordings. Transcriptions from recordings described as
accurately as possible all spoken words from classroom observations. In addi-
tion to dialogue, the videotaped transcriptions contained descriptions of behav-
ioral contexts.

There are trade-offs inherent in the use of the case-study method: in-depth
understanding is gained while generalizability may belost. To addressthe issue
of generalizability, we added athird phase of analysis. Thisinvolved examining
the results of the case study within the context of data collected in the other three
classrooms. Additional observations were also conducted during the following
school year to further examine the robustness of the findings. The description of
the framework was modified to reflect observationsin the other classrooms and
in the second year to resonate with observations of other CMW classrooms and
of classroomsin the Everyday Mathematics longitudinal study.

2 The second author of this article was simultaneously conducting an empirical study of the imple-
mentation of Everyday Mathematics (see Mills, 1996; Mills, Fuson, & Wolfe, 1999).
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The datasummarized in thisarticle enable adetailed 1ook at longitudinal growth
acrossaschool year. Moreover, thisrich data set can help to provide the reader with
an in-depth look at and understanding of the synergistic classroom life that led to
theframing of adevelopmental trgjectory that can subsequently be applied to other
classroom situations (Brown, 1992; Donmoyer, 1990).

Establishing the Framework

In order to begin to classify and organize the large amounts of data collected in
the case-study classroom, we established a coding system. Initially, classroom
observation notes, transcripts from the classes, and teacher postobservation inter-
viewswereclassified inlight of avariety of themesrelated to mathematicsreform.
These were organized chronologically, with the lesson considered to be the unit
of analysis. Within the lessons, examples of dialogue from classroom transcripts
that had a clear beginning and end were designated as episodes. Each of the 60 class-
room transcripts contained approximately 8 to 10 episodes. Three themes and the
rel ationships among them soon emerged as central, and these became the focus of
data analysis: evidence of mathematics community, teacher actions, and student
actions. Establishing the themes as the focus illustrated that the development of
the mathematics community was linked to specific teacher actions and/or student
actions. That is, as studentsresponded to particular kinds of actions by the teacher,
the class more and more reflected ideal s of mathematics reformers.

Within these actions, we identified four distinct, but related components that
captured the growth of the math-talk learning community over time, and we
followed their growth in the data: (a) Questioning, (b) Explaining math thinking,
(c) Source of mathematical ideas, and (d) Responsibility for learning. Within each
attribute, developmental trajectoriesin teacher actions and students’ actions were
derived from the data. By developmental trgjectory, we refer to changes in the
teacher’s and students’ actions that occurred over time and built successively on
one another. Each trgjectory consists of four levels—Level 0 through Level 3.
Together, these four trajectories represent the devel opment of the math-talk learning
community in Ms. Martinez's classroom. The resulting framework titled Levels
of the Math-Talk Learning Community: Action Trajectories for Teacher and
Student isshown in Table 1.

The articulation of the Levels of Math-Talk Learning Community framework
went through cyclical revisions. The revision process continued until all episodes
from all lessons in the data fit within a cell of the framework. In addition, trian-
gulation with datafrom the other three St. Peter teachers(i.e., placing episodesfrom
their transcripts in the framework) as well as with the data from the Everyday
Mathematics classroom study (Mills, 1996; Mills, Fuson, & Wolfe, 1999) enabled
further modifications of the Levelsof Math-Talk Learning Community framework
and provided confirming analysis. To check interrater reliability of the categories,
another coder coded 13 classroom sessions chosen randomly from the whole
course of the study (about one classevery 2 weeks). Interrater agreement was 100%
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on all categories. Then, the members of the teacher learning research group® each
coded 5 sessions drawn randomly from the 13 sessions. The cal culated weighted
agreement (Fuchset a., 1998) was 99% for questioning, 97% for explaining, 100%
for source of mathematical ideas, and 98% responsibility for learning. Together,
these techniques provided support for the robustness of the framework.

RESULTS

The central result of thisresearch isthe articulation of the framework in Table 1,
Levelsof the Math-Talk Learning Community: Action Trajectoriesfor Teacher and
Student. Thisframework depicts growth in amath-talk earning community intwo
ways. Firgt, it ismade up of four developmental level sthrough which the case-study
class moved. The movement through the levelsis from atraditional mathematics
classroomin Level 0to aclassroom embracing meaningful collaborative math-talk
inLeve 3. Level Ointheframework representsatraditional, teacher-directed class-
room. In the Level 1 classroom, the teacher in the study began to pursue student
mathematical thinking, but still played the leading role in the math-talk learning
community. In Level 2, the teacher began to stimulate students to take on impor-
tant roles in the learning community and backed away from the central rolein the
math talk. In Level 3, the teacher coached and assisted her students as they took
on leading roles in the math-talk learning community.

Second, the framework examines growth that occurred within each of four
componentsfrom Level 0to Level 3. The componentsthat make up the framework
arethese: (@) questioning, (b) explaining mathematical thinking, (c) source of math-
ematical ideas, and (d) responsibility for learning. These components have been
described in prior research as key features of an effective discourse community,
although much of this work has examined each component separately. Overal,
questioning and explaining have received the most attention. For example, Heaton
(2000) describes her own attempt to reform her mathematics instruction and
explains that learning to elicit student comments through questioning was a crit-
ical first step. Other researchers focus on teachers' ability to interpret and make
sense of students' explanations during class (e.g., Schifter, 1996). Although also
examined by relevant research, less work has been done to explore the role of
students’ contributions to the mathematical content of the lesson and of students’
responsibility for thelearning of their peers. For example, Sherin (2002a) discusses
how control of the mathematical content of alesson may shift between the teacher
and the students, not only from lesson to lesson but al so within aparticul ar lesson.
Furthermore, the notion of student responsibility for each other’s learning in the
context of adiscourse community is most often explored from the perspective of
whether or not students build on each others’ ideas during class discussions (Sherin,
Louis, & Mendez, 2000; M. S. Smith, 2000). Examining all four of these compo-

3 Members of this group at Northwestern University included Josh Britton, Corey Drake, Kim
Hufferd-Ackles, Radha Kalathil, Kim Montgomery, Miriam Sherin, and Ann Wallace.
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nents—both individually and together—is an important contribution of the research
reported here.

For the most part, growth occurred concurrently in each of the components of
the math-talk learning community in Ms. Martinez's classroom (see Hufferd-
Ackles[1999] for amore extensive analysisof thisissue). The means of assistance
provided by Ms. Martinez in moving through these levelsis discussed later in this
article.

Growth in the Components of the Math-Talk Community: Development from
Level Oto Level 3

In this section of the article, we briefly explain the growth that occurred in each
component of the math-talk learning community and exemplify them with excerpts
of conversationsfrom Ms. Martinez’ sthird-grade classroom. These excerptsillus-
trate the learning community’s path from traditional teaching to a rich and
supportive learning environment.

Component (a)—Questioning

Thefocus of this component of the math-talk learning community ison the ques-
tioner in classroom interactions. To further children’ sthinking about mathematics,
it isimportant to find out what students know and how they think about mathe-
matical concepts. Questioning of studentsallowstheir responsesto enter the class-
room’s discourse space to be assessed and built on by others. Questioning chal-
lenges the thinking of the person being questioned by asking for further thinking
about his or her work. For thisreason, questioning of studentsisan important part
of themath-talk learning community and of reform mathematicsteaching. Asques-
tioning built from Level Oto Level 3in Ms. Martinez' sclassroom, therewas a shift
from the teacher as the exclusive questioner to students as questioners along with
the teacher. Another shift took place concurrently in the questioning component
of the math-talk learning community—from afocus on questioning to find answers
to afocuson questioning to uncover the mathematical thinking behind the answers.

Because the Level 0 math-talk learning community resembles the traditional,
teacher-centered classroom, it is the teacher who assumes the role of question-
asking, and the goal of the teacher’ s questionsis primarily to ask studentsto give
answersto problems. Early intheyear, Ms. Martinez asked Level 0 questionsthat
required only a brief answer, and she rarely followed up the students’ responses
with additional, more probing questions. Because the CMW curriculum prompted
her to begin asking “Why?’ and “How?’ of students, Ms. Martinez quickly made
thetransitionto Level 1 questioning. The excerpt that follows showsMs. Martinez
introducing the classto arraysfor the purpose of scaffolding multiplicative under-
standing. Level 1 questioning isapparent in the types of questionsthat Ms. Martinez
asked and modeled. Inthe excerpt below and in all excerptsthat follow, the actions
of the teacher and students and our commentary on what was said appear initalics
within parentheses.
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Level 1 Questioning: Teacher pursues student thinking.

Ms. Martinez

Carl:
Ms. Martinez:
Carl:
Ms. Martinez:

Carl:

Ms. Martinez:

Jimmy:

Now, who can tell me how many boxes of cereal | have in this container?
(She pointsto the three-by-three array she has drawn on the board.) How
many boxes of cereal do | havein this container, Carl?

Nine.
Nine. How did you figure that out, Carl?
Because | counted them. | counted them by 3s.

Y ou counted them. Y ou counted by 3s. Can you come up and show us?(The
teacher is assisting the student to give a fuller explanation.)

(Carl goesto the board to illustrate by pointing to the drawing.)

| counted by 3s. Thereis 3 right here (row 1 of boxes). Right there (row 2).
And there’' s 3right here (row 3).

So, itislikeyou are saying 3 + 3 + 3. What is another way we can count?
Does anyone have another way we can count? Jimmy?

Um, go likethis. Go likethis, 3, 6, 9.

Level 2 questioning isdifferent from Level 1 because of the shift made from the
teacher asthe sole questioner to the students as questioners aswell. This new shift
in Ms. Martinez's classroom began one day when several students were working
at the board. In her efforts to engage the students who had finished the problem
and were waiting in their seats, Ms. Martinez told them that they each should be
thinking of one question to ask the explainers when they were finished. Liz
explained her work at the board for the following problem, “ Anahas 3 dolls. Maria
has double the amount. How many are there all together?” To Ms. Martinez's
surprise, the following dialogue took place.

Level 2 Questioning: Sudents begin to question.

(Liz haswritten this labeled equation:)

Ms. Martinez:
Santos:
Ms. Martinez

Santos:

A d J
3x2=5
d

Okay, Santos?
| wonder why she put the 5 in there.

Can you ask your question to Liz? (Teacher assists student-to-student
talk.)

(To Liz) Why did you put the 5 in there?
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Liz Because it says, “How many are there all together?”

Saul: How comethereisa“d” under the 3?

Ms. Martinezz  Canyou repeat the question to Liz? (Teacher assists student-to-student talk.)

Saul: (ToLiz) How comethereisa“d” under the 3?

Liz Becauseit isfor the dolls.

Helena: esun..plus?[Isitaplus?|
(Liznods in agreement.)

Helena: ¢Por qué pusisted tresy el dos junto? [Why did you put the three and the
two together?]

Liz Porque, ahi van juntos. [Because herethey gotogether.] (Note, “ J” inLiZ's
work stands for “ all together,” juntosin Spanish.)

Angel: (To Liz) Why did you put the 2?

Liz For double.

In this particular situation, Ms. Martinez could have involved herself in the
discourse right away to discuss the error in Liz's solution. Instead, she waited to
see if the problem in Liz's work would be clarified through the students' ques-
tioning. Students began to ask questionsrelated to theissue of adding (3 + 2) rather
than multiplying (3 x 2). Later, it took some further guidance from Ms. Martinez
to resolve the issues embedded in this complex two-step problem. However, Ms.
Martinez was encouraged to see the beginnings of student-to-student math talk.

At the beginning of episodes of student-to-student questioning in later classes,
theteacher often prompted the questioning processwith statementslike “ Questions
for people at the board?’ Initialy, many of the questions that the students asked
each other were modeled after questions that they had heard their teacher ask in
class: for example, “What did you add?’ “How did you come up with your
answer?’ “Can you show uson your drawing?’ A positive result of thisnew prac-
tice was that the students in the class who were not directly involved in the
discoursewere actively listening to the speakers so that they did not repeat the ques-
tion that another student had already asked. Sometimes students who were not
outwardly participating in the questioning process gave evidence of their active
listening by making comments. For example, one lower-achieving student often
demonstrated active listening as he announced, “ Someone aready asked that.”

In the following Level 3 example, students are contemplating whether one
would get the same answer when adding columns of same-place-value numbers
in multidigit problems from left to right or from right to left. This excerpt demon-
strates the type of student-initiated questioning in order to understand one anoth-
er’ sthinking and to understand the mathematics content that took placeinthe class-
room when questioning reached the highest level in the framework.

Level 3 Questioning: Sudents initiate the questioning.

(Ms. Martinezisintherear of the classroom, Jamieis stationed at the blackboard.
He has been called on by Ms. Martinez to share his comments about whether or
not it is the same to add columns of numberseft to right or right to left with the
class)
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Jamie: No, becauseif you' re taking away any numbers you gotta take away from
the other ones. Are you gonna start from the right?

Santos: What do you mean?

Jamie: Right when you' retaking away, yeah, subtraction, sometimesyou gottatake
away from the other numbers.

Maria: Sometimes you can start from the right or the | eft.

Jamie: How? Are you going to take one from the left, | mean from theright?

Maria: Sometimes it helps to write, like, when it’s subtraction, from the right or
sometimes from the | eft.

Roberto: Either way, none of the numbersare going to change. Just do the samething

you're gonna do from Ieft to right, subtract the same thing you' re gonna
do from right to left.

Jamie: Y eah, but that’s not gonna be the same answer.

Roberto: If you start from right to | eft, you' re gonnasubtract something and you can
subtract the same thing if you go from left to right.

Angel: And when you go from left to right, it's gonna be the same answer.

Ms. Martinez.  Areyou still not convinced, Jamie?

(At Ms. Martinez surging, still fromtherear of the classroom, the class moves on by coming
up with a problem to test. A student suggests 24 + 18. Veronica solves the problem at the
board by adding from left to right and then right to left. Veronica’ s work follows.)

Lefttoright Right to left

24 24
+18 +18
32 42

Ms. Martinez.  (To the class.) Okay, would either method give you the right answer?
Class: Yes.
Ms. Martinez.  Yes. But we still haven’t figured out what’ s the right answer, have we?

Rodney: (He speaksfromhisseat.) Veronica, where' stheother tens? (Thisisinrefer-
ence to the additional ten created by the sumof 8 and 4 in the problem on
theleft.)

(Veronica, in response, pointsto the4in 42 in the problemon theright.)

Rodney: (He approaches the board while pointing at the 32 in the other problem.)
Where' sthe other ten?

Veronica: (She pointsto the 3in 32.) Right here?

Rodney: (Herepeats.) Where' sthe other ten? (Veronica again pointstothe 3in 32.)

Rodney: Y eah, but eight and four equals twelve, and you just put atwo right here
(pointing to the 2in 32).

Roberto: (He speaks from his seat.) But you can’t do it! Y ou can’t do that!

Veronica: Y eah, becauseif you put aoneright here (pointing to the chalkboard space

between the numerals 3 and 2 in 32) then it will be, uh, three hundred and
twelve.
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(Ms. Martinez then interjects, attempting to clarify for both Virginia and Rodney exactly
what the other issaying. The discussion continueswith thewhole class participating. Inthis
case, the discussion continued into the lunch period and the students asked (insisted) to
continue it after recess.)

This excerpt depicts atypical instance of initiative and persistence on the part
of students that was common in Level 3 situations. Several students attempted
to follow, challenge, and clarify Jami€e’ s thoughts about adding (or subtracting)
from left to right. Rodney persistently pursued clarification from V eronicaabout
her work. None of the above interactions occurred between only two people. Other
studentsfelt comfortable contributing their thoughts to the ongoing interactions.
Students were no longer dependent on the teacher to initiate the process of ques-
tioning and to keep it going. Fewer students used the questions that the teacher
had earlier modeled, but instead they focused on more specific aspects of the
problem. Sometimes a student asked another student’s question in different
words to help the recipient understand the intent of the original question.

All students in the class asked questions, with the lower-achieving students
often only mimicking what they had heard their teacher ask in a previous class
or asked a simple question. However, the fact that these students were asking
guestions gave evidence of their comfort with being a participant in the math-
talk learning community and confirmed their engagement with the discussion.
By doing so, the lower-achieving students demonstrated their understanding of
the general shift in the class from eliciting answers to finding out about the
thinking behind the answers. At times, students seemed to ask questions because
they wanted to participate, but often students earnestly wanted to pursue a
specific response from the person explaining his or her work. Potential questioners
were often disappointed when class ended and they did not get the opportunity
to ask their question.

This excerpt also illustrates how important the teacher’ s role continues to be
at even the highest level—Level 3. Ms. Martinez needed to intervene to clarify,
to be surethat studentsarefully satisfied, to suggest strategiesfor resolving differ-
ences, and to manage time by overseeing turn taking—although much of the
conversation was managed by the students.

Component (b)—Explaining Mathematical Thinking

We now turn to the second component of the math-talk learning community:
explaining mathematical thinking. Although this component is closely connected
to the process of questioning, here we attempt to focus exclusively on the process
of explaining as we go through each level of the math-talk learning framework
individually.

As students in Ms. Martinez's math-talk learning community became more
comfortable and more able as explainers (and as Ms. Martinez began to facili-
tate this development), the community moved from Level O to Level 3 in this
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component. Significant support for the growth in thisareawasfound in the social
climate that the class together developed that effectively supported student
explainers. Initially, standing in front of one’ s peersto communicate mathematical
ideas was a daunting task for many students, especially shy students. Many
chose to sit back down in their seats after writing work on the board rather than
to accept the challenge of staying in front of the class and talking. However, as
the math-talk learning community developed, students' attempts at explaining
were scaffolded by supportive classroom colleagues. This support allowed the
development of explaining to progress. As studentslearned to explain their own
mathematical thinking morefully and fluidly, they made significant contributions
that could then be questioned or built on by other students and assessed by the
teacher.

In the Level 0 math-talk learning community, students often gave answersto
Ms. Martinez' s questionsin oneto afew words. Student explanations consisted
of short interchanges between the teacher and the students. Questions asked of
students by the teacher were primarily answer-focused. At times the teacher did
not even wait for an answer from the students and gave it herself. Thefollowing
interaction illustrates a Level 0 explanation of mathematical thinking, showing
that students' explanations of their work were focused on providing the correct
answers. Theteacher was not |ooking for more explicit strategiesor thinking from
the students and, not surprisingly, they did not offer it. Students were solving this
problem: “Joey bought 5 packs of gum at the store yesterday. Each pack has 7
sticks of gum. How many sticks of gum does he have?’ In the following excerpt,
Ms. Martinez provided a fuller explanation for Charlotte herself rather than
have Charlotte explain.

Level 0 Explaining mathematical thinking: Teacher assistance focuses only on
correctness of answers.

(Charlotte has drawn the following on the board:)

LT THH T TE T

Ms. Martinez.  Okay, so how many packs has Joey bought?
Charlotte: Five.
Ms. Martinez.  Five packs, so we have to draw afifth pack, right? Draw it.

(Charlotte begins drawing a fifth pack on the board. After finishing her drawing
and providing an answer, Charlotte goes back to her seat.)

T THEE FHEEE T 1 =2s

Ms. Martinez  Okay, here’ swhat Charlotte did. She hasfive times seven equal's twenty-
five. So she has (pointing to each part of Charlotte’ sdrawing at the black-
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board) one, two, three, four, five packs. I sthere something that isnot exactly
right in here that you might have missed?

Charlotte: The answer?

Ms. Martinez  Okay what, what iswrong with the answer? First, ook at the picture, okay?
Is there something wrong with the picture? Are you missing something?

Charlotte: Need more sticks.
Ms. Martinez.  Excuse me?
Charlotte: Need more sticks. There’ sonly five sticksin each.

Ms. Martinez. Y ou have (pointing to the drawing) one, two, three, four, five sticks. And
how many isit supposed to be, Charlotte?

Charlotte: Seven.

Ms. Martinez.  Seven. Because you have seven sticks of gum. Okay, that’ swhere you went
wrong, because there’ s seven sticks of gum. Each pack, in each pack, you
need seven. (Ms. Martinez adds the extra two sticks for each row in the
drawing.) Now she has a pack of seven sticks. Now we have five packs of
seven sticks. Now, Charlotte, what isyour new answer?

LEEE THEEE HHEEE 1rrrr 11l =3s
/1 /1 /1 /1 /1

Charlotte: (She pauses.) 35?

Ms. Martinez. 35, right. We have seven plus seven plus seven plus seven plus seven, which
all together equals 35. Let’ s go on to the next problem.

In this excerpt, Ms. Martinez prompted Charlotte to correct her drawing rather
than explore the reasons behind her choice of a solution. In other words, Ms.
Martinez' s goal wasto direct Charlotte to the correct answer rather than to under-
stand her thinking and the reason for her error. She never found out why Charlotte's
original drawing started with 5 sticks per pack. In addition, Ms. Martinez described
Charlotte’ swork to the class rather than have Charlotte explain her thinking. Had
Charlotte been given the opportunity and had she possessed the capacity to explain
her work, Ms. Martinez would have had more opportunity to understand her
thinking process. For instance, after Charlotte commented that there were only
5 sticks (per group), Ms. Martinez did not ask her to explain herself more fully.
Eventually, Ms. Martinez told the class, “ Seven. Because you have seven sticks
of gum.” Finaly, Ms. Martinez abruptly left Charlotte’ s problem and moved on
to the next student’ swork without having knowledge of any of the other students’
understanding of the corrected solution. In summary, thisexcerpt illustratesthe lack
of attention to student thinking in Level 0 of the developmental trajectory of
explaining. This situation shows that Level 0 explaining is the counterpart to
Level 0 questioning because both the questioner and explainer are focused on
answersonly.

Ms. Martinez made thetransition to fuller student explanations of mathematical
thinking in her classroom by beginning to probe students more deeply. Level 1
explanations were given as students shared information about their thinking in
responseto theteacher’ s probing. Thefirst attemptsat fuller explanationswerelabo-
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riousfor students because they were uncomfortabl e responding to several consec-
utive questions while standing at the front of the room. Many students preferred
walking over to the teacher (who was often standing nearby) and talking to her
privately. The following example shows students explaining their work after
solving the word problem at the board, “ Carrieis playing with 6 girls. How many
fingers are there in the group?’

Level 1 Explaining mathematical thinking: Teacher assistsstudentsintheir brief
initial attempts.
Ms. Martinez.  Explain what you did.

Saul: 6times7.
Ms. Martinez. Why did you write a6?
Saul: 6 girls.

Ms. Martinez  Why did you writea 7?

Ms. Martinez.  (She waitsa moment.) Y ou can’t explain? (Saul shakes his head “ no.”)
Ms. Martinezz  Okay, have a seat.

Ms. Martinez.  Henry, can you explain to the class why you put 6 x 5?

Henry: There are 6 girls (pauses) multiplied by 5. Y ou get 30.
Ms. Martinezz  Can you say it again to the class, loudly?
Henry: (Inaudible.)

Sudent in back: | can’t hear. Can you say it louder?
Ms. Martinez.  Henry, you have to face the audience.

Henry: 6 girlsmultiplied by 5 (pause).

Ms. Martinez.  Since Henry'svoiceisquiet, | will repeat it for him. 6 girls counted by 5
equals 30.

Ms. Martinez  Where did you get the 5?

Henry: Because that makes 30.

Ms. Martinezz  Okay, you can sit down.

This excerpt indicates that facilitating students' explaining of their thinking
required patience on the part of the teacher; there were many long pauses as
students considered what to say. It would have been much quicker for Ms. Martinez
to show studentshow to arrive at an answer of 30. Furthermore, taking on the central
role of explainer in the classroom discourse was uncomfortable for many students,
as Saul and Henry illustrate. They werefamiliar with the conventional expectation
that they say only aword or two and then sit down; they were not accustomed to
identifying and explaining their own thinking processes.

The Level 2 explanation of mathematical thinking began after students became
more comfortable with the process of communicating about such thinking. At this
level, the students still required probing and some assistance in clarifying their
thoughts from Ms. Martinez and, increasingly, from other students. Student
explainers grew more confident that their thinking was valuable, and they became
less shy about telling their mathematical ideas. They grew to expect that providing
a numerical answer was not enough information. Furthermore, the classroom
social norms grew to embrace and encourage student speakers. Students began to
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listen to one another more actively, help from other students was accepted as posi-
tive, and often students applauded after their classmates gave explanations of their
work at the board. Thus, being the center of classroom discourse becameless scary
for students, and more students volunteered for the opportunity totell their thoughts
about the mathematics. Thefollowing excerpt demonstratesalL evel 2 explanation
of mathematical thinking. In this excerpt, Ms. Martinez asked Santos to explain

his multidigit addition work on the board.

Level 2 Explaining mathematical thinking: Teacher assists students as they
provide fuller, more comfortable explanations.

(Santos has written his work on the board:)

11

2 58
+3 7 4

6 3 2

Ms. Martinez.  Santos, do you think you can explain this?

Santos: (He stands next to his work at the board.) Eight plus four is the two, and
then theten goesover here, over thefive. That equalsahundred and thirty,
the hundred goes here, over the two. Y ou end with six hundred thirty two.

Ms. Martinez.  Has he explained everything?

Class: No.

Ms. Martinez.  He still hasn’t explained what the ones are doing up there, has he?

Santos: Oh, well, without the ones it would be a different answer.

Ms. Martinez What do you mean?

Santos: Without the ones, it would be five hundred and (pause) . . . no, yeah, five
hundred and twenty-two.

Ms. Martinez.  All right, but, how do you know that istheright answer and that your other
answer isn't?

Santos: Because, | know how to count.

Ms. Martinez. Y ou know how to count what?

Santos: | know how to carry. | know that you need to carry here to get the right
answer.

Ms. Martinez. Y ou know how to carry what?

Santos: | know how to carry the ones. The numbers, | know how to carry these
numbers to get the answer.

Ms. Martinez.  What does that mean, carry the ones?

Santos: That, you put the ones up here, on top of these, the tens and the hundreds.

Ms. Martinez  Why?

Santos: Because, it needsto be up there. Thetwo isfor twelve, and you put the one
up there.

Ms. Martinez.  Why?

Santos: Because if you don't put the ones, it’ll be one thousand, five hundred . . .

and that would be the wrong answer!
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In this example, Santos demonstrated a greater comfort level at the board than
Henry did in the Level 1 example. He was not surprised by or uncomfortable
responding to Ms. Martinez’ s probing. Santos knew that he had not described all
of the steps in his work. Rather than jump in herself and explain the process of
making a new ten or hundred in more “correct” mathematical language, Ms.
Martinez allowed Santosto explain in his own words. Santosillustrated an aspect
that was recurring more frequently as the students moved to Level 2 explaining.
He confidently staked a claim and continued to defend the claim using his own
words. Ms. Martinez' s questioning helped Santos’ sexplaining to be more complete.
Listening students could follow along more easily, and they remained more
engaged. Inthis particular excerpt, the teacher was probing the student’ sthinking.
In other cases at Level 2, students acted as questioners aswell. The teacher’srole
in assi sting the explaining component continued to be very important. Here, Santos
needed further assistance from the teacher or from astudent to explain that the ones
were 1 ten and 1 hundred.

Inthethird level of explaining mathematical thinking, students began to defend
and justify their mathematical ideas more confidently and thoroughly. Although
Ms. Martinez was ready and available to probe and guide studentsin making their
explanations more complete, their responses became more extensive and thorough
and needed less assistance. During this classroom segment, students had worked
together in pairs or groupsto solve multidigit addition problems. The group made
up of Veronica and Lou put the following work on the board and then they took
their seats.

Level 3 Explaining mathematical thinking: Students engaged in full, confident
explaining without overt assistance.

438

Ms. Martinez.  (She directs her question to the class.) Questions for this group?

Maria: (She asks Lou.) Can you show us how you’ re adding?
(Veronica steps to the board next to the work she and Lou completed.)
Veronica: (She responds to Maria.) You mean al of this (motioning to their work
underneath the original written problem)?
Maria: Yeah.
(Veronica turns to Lou, who has gotten her attention; he wants to be the
oneto answer).
Lou: (He comesto the board, and begins his step-by-step explanation.) | added

the hundreds, the four and the two together, and | got six hundred. (Veronica
cuts him off and steps to the board to speak to him.)
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Veronica: No, just this. (She pointsto the work just above the final answer and whis-
persto Lou. She then sits back down. Sheis directing himto explain just
the final adding step, not all of the adding of the places).

Lou: (Hepointsto thefinal hundredsplace, intheanswer.) Thiswassix hundred,
and then another hundred, so that was seven hundred, and so with the ones,
seven hundred and nine.

Jamie: How did he get the seven hundred? How did you get the extra hundred?
Veronica: Hejust said it. He just said it. He said he added, and he got the hundred.
Lou: (Heisnow speaking fromhis seat.) | madeit with the seventy, and the thirty,

which gave another hundred.

In this excerpt, Lou capably described the mathematical thinking that he used
to solve the multidigit addition problem from left to right. He repeated the steps
in histhinking process without the probing of Ms. Martinez and despite the inter-
ruptions by Veronica (Lou’'s slightly overbearing partner). Lou a so took owner-
ship of the explanation process and answered questions about it even after he
finished telling about his group’ s approach to solving the problem and was sitting
down. In Level 3 of themath-talk learning community, important information came
from student discussion as well as from the teacher.

Component (c)—Source of Mathematical Ideas

At Level 0, the teacher presented mathematics content by standing at the board
and telling students how to solve problems in a procedural manner. Students
watched so that they might imitate theteacher, and then they did much of their work
individualy. Initialy, she focused on having students copy word problems word
for word from the board and solve them individually. She went from tableto table
and told students how to do the problems, sometimes by doing the problem for them
on their papers. Students watched in order to imitate her procedures.

Ms. Martinez's class shifted to Level 1 when Ms. Martinez began to elicit
student ideas as she presented content. This shift wasfacilitated by the conceptual
focus of the curriculum. Eliciting students' ideas allowed her to uncover their
previous knowledge and current misconceptions and to follow their developing
understanding about the material. Student input allowed her to modify the course
of lessons according to the evolving ideas of the students. The classroom excerpt
below typifies Level 1 sources of contributions to teaching and learning of math-
ematicscontent. It showsMs. Martinez standing at the board inthe front of theroom
and beginning to modify the pace of her lesson (comparing multiplication by twos
and fours) to the students’ understandings. All students were sitting in their seats,
and the majority appeared engaged. The classrelied on the drawing below in their
discussion. It showed that in the two’s “count-by,” there are six sets of twos
between the numbers 1 and 12. In contrast, the four’s“ count-by” yields three sets
of foursin the same number range.
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Level 1 Source of mathematical ideas: Teacher begins to use student thinking
as part of the mathematics content.

L 2G 96 T 9019
(234X 567850 UD

Ms. Martinez.  Now, for the two’s count-by you go two-four-six-eight-ten-twelve. And
with the four’ s count-by you go four-eight-twelve. So, six fingers for the
two's and three fingers for the four’s. What is this three in comparison to
six? If the third finger for the two'sis six, what about the third finger for
the four’ s? Charlotte?

Charlotte: Twelve?

Ms. Martinez.  Twelve, good. Do we notice anything between the six and the twelve?
Michael? This six right here. (She points to the six in the number set for
the two’s count-by.) And this twelve right here? (She points to the twelve
in the number set for the four’ s count-by.)

Michael: Um, it'd beliketimesthe. . . no, double the six would be twelve!

Ms. Martinezz  Good. Y ou double the six it’'ll be twelve. Any other number patterns that
you see, Maria?

Maria: Six plussix istwelve?

Ms. Martinez.  Okay, that’s what Michael had said. If you double the six, it'll be twelve.
Anything else about any of the numbers up here, anything that we see
repeatedly? Liz?

Liz Twenty.

Ms. Martinez.  The twenty? Okay, what finger is the twenty on, Carrie? In the two's
count-by, what finger?

Carrie: On theten.

Ms. Martinez.  On the ten, good. How about in the four’s count-by, what finger is the
twenty on?

Carrie: Thefifth.

Ms. Martinez.  So you used only five fingers to get to twenty in the four’s count-by but

you used your entire fingersto get to twenty in the two’s count-by. So the
twos are only taking up two numbers, which is why you use so many
fingers. But thefour, the four istaking up four numbers per finger, you use
two numbersfor one finger for the twos.

Inthisexcerpt, students demonstrated moreinvolvement with the lesson than they

didwhen Ms. Martinez used the Level O tactics of telling students how to do math-
ematics. Studentsbegan to try to think about and understand the mathematicsrather
than merely attempt to imitate the teacher’ s words and actions. Thus, teaching in
Ms. Martinez' sroom shifted from aprocedural focusto onein which studentswere
searching for meaning as the class moved from Level O to Level 1in thiscompo-
nent of the math-talk learning community.

Aswas evident in other Level 2 components, Ms. Martinez began to shift her
physical presenceto the side or to the back of the room at this point in the trgjec-
tory. It isimportant to note that Ms. Martinez began to allow more opportunities
for studentsto explore content and suggest alternative and multiple methods. She
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did this by asking more open-ended rather than answer-driven questions. Ms.
Martinez also continued to ask for other students' strategies, even after acorrect one
had already been presented. In doing this, Ms. Martinez demonstrated her willing-
ness to learn the alternative strategies herself. At times, she asked students to
explain their strategies more than once so that she could fully understand them. As
shetook on therole of co-learner in the classroom, she model ed aspects of learning
from othersthat students|ater mimicked (e.g., how to ask questionsto support under-
standing). Hearing multiple strategies allowed Ms. Martinez to assess the under-
standing and possible misconceptionsthat students held asthey moved through each
content domain. Thefollowing excerpt isfrom aclassin which Ms. Martinez gave
students opportunities to solve array word problems. We summarize the students
methods here rather than give the full transcript in the interest of space.

Level 2 Sour ce of mathematical ideas. Sudent methods formmuch of the content.

(Santos made up the problem, “ In my garden | had 4 rows and 6 columns of
lettuce heads. How many lettuce heads did | have?” He drew the following picture
on the board.)

In response, students offered anumber of solving strategies. Angel said that you
could count each lettuce head. Nick said that you could count by fours and showed
how hewould do that by using thevertical groupings, “4, 8, 12, 16, 20, 24.” Roberto
said that hewould count by fives (using the horizontal groupings) and then add four
(the vertical grouping left over), as shown in the diagram below.

eeee0e §
eeeee 10
eeeee 15

+4

eeo0ee 20

Jmmy solved the array, “There are 6 in each row, 6 and 6 is 12, the others are
12,1 added 12 and 12.” After M's. Martinez added ancther row to the problem, Maria
counted by threesto find her solution:

eee 3 eee 138
eee (5 eoee 27
eee O o000 24
eee |17 eoee 27
eee 15 eee 30

Henry said he counted by tens to solve the five-by-six array problem. Ms.
Martinez responded with “How can | use tens to get my answer?’” Henry then
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showed the class how he grouped two vertical columns to make ten. There were
three groups of ten. Jessie counted by twos to thirty using vertical groupings as
Mariadid earlier to count by threes. Ms. Martinez asked several of the studentsto
explain their thinking twice, which allowed her and the other students opportuni-
tiesto understand the method more fully.

At Level 2, Ms. Martinez also became adept at using students' strategies that
contained errorsfor opportunitiesto learn. This can be observed in the excerpt used
earlier toillustrate Level 2 in the questioning trajectory. The answer for the word
problem, “Anahas 3 dolls. Maria has double the amount. How many are there all
together?’ contained an error (3 x 2 =5). Ms. Martinez then stimulated the classto
think carefully about the language of the problem to allow the students to uncover
the error. The class discussion began to focus on the words double and all together
and how their meanings affect the processes of problem solving in this situation.

Reaching Level 3 of the sources of mathematical ideas trajectory depended on
two factors. First, students gained confidence that their ideas about mathematics
werevalid and important. Second, Ms. Martinez became convinced that the ideas
students contributed wereimportant to explore. Ms. Martinez articul ated the l atter
in thisway: “I think the kids explain it in a language that kids can understand.”
Therefore, she gave students discourse space when they wanted to volunteer their
thoughts. At times, she would stop what she was doing and allow a student to take
the chalk and explain their idea at the board. Sometimes students would expound
upon astrategy that was explained in the curriculum that Ms. Martinez had not yet
introduced to the class. She often recognized the importance of these student-initi-
ated strategies after reading the curriculum and then quickly integrated them into
the class discussion. For example, the following excerpt comesfrom amathematics
classinwhich Ms. Martinez was showing studentsaway to multiply by sixes, which
buildson their knowledge of multiplying by fives. Earlier inthe class, Roberto had
aready verbalized that thisis the method he used to solve 6 x 7.

Level 3 Source of mathematical ideas: Student strategies are built on as mini-
lessons.

Ms. Martinez. | am going to show you a different way to count by 6s, similar to how

Roberto said.
Ms. Martinez.  How many groups of 7 aretherein 6 x 7?
Sudents: 6.

Ms. Martinez writes this on the board:

6X7=7+7T+7+7+7+7

\/

35 35+7=42

Ms. Martinez.  Itiseasier to multiply by 5isn’t it?
(Ms. Martinez is in the middle of explaining this strategy, and Jimmy
intervenes.)
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Jimmy: | have another way.
Ms. Martinez.  Okay.
Jimmy: Two of them equals 14, another two is 14, and another two is 14.

Ms. Martinez.  Good, can you come up and show us? (She hands Jimmy the chalk.)

(Jimmy writes on the board:)

7T+7 T7T+7 T+7
14 14 14

(Jimmy tries to explain how he gets 14 and 14 and 14 to add up to 42. 4
and 4 and 4 and 30. . . 14 and 14 is 28. . . he stumbles a bit and uses his
fingersto show 28 + 14 = 42))

Ms. Martinez  Good explaining, hedidn’t give up even though hewasalittle tonguetied.

Ms. Martinez.  What Jimmy explained hereiskind of like what Chriswas explaining for
counting by 2s.

Ms. Martinez.  Okay, solve this problem in your journal. Use the way that Jimmy came
up with or the way that | showed you with Roberto’s help.

(Shewritesontheboard: 6x9=)

Both the doubling strategy used by Jimmy and the building on fivesfacts strategy
initially introduced by Roberto were part of the curriculum lesson for this class.
Instead of teaching these strategiesin atraditional “telling” manner, Ms. Martinez
allowed them to emerge from the students. Then shefollowed up to clarify and relate
them. Teaching in thisway, the class still explored the target mathematics content,
but because of their contributionsit was covered in away that effectively engaged
students.

Component (d)—Responsibility for Learning

As the math-talk learning community developed, responsibility for learning
shifted as students became increasingly invested in their own and one another’s
learning of mathematics. Students began the year in Ms. Martinez’' sroom only as
passivelistenersastheir teacher led the classin atraditional manner. When student
thinking began to be dlicited, students became more engaged and involved in
classroom discourse as speakers and listeners. Their responsibility for their own
learning was indicated by their desire to ask questionsin class, their eagerness to
go to the board to demonstrate their understanding of problems, and their volun-
teering to engage in the work of and to assist struggling students at the board.
Students grew to expect that their mathematics contributions would be positively
received by the teacher and by other students. Having students' ideasin the class-
room discourse space enabled students to help each other. A respect and concern
for thelearning of othersbecame aby-product of Ms. Martinez' s students actively
engaging themselvesin their own learning.

Teaching in areform-oriented mathematics classroom isachallenging task. For
students to see themselves as co-learners and co-teachers in the classroom was a
substantial helpto Ms. Martinez because al of the students began to seethemselves
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as responsible, in part, for the learning of everyone in the room. One student
demonstrated this aspect of the math-talk learning community after he explained
his strategy for solving his 10-by-12 array at the board. He carefully explained his
steps and then earnestly asked, “ Teacher, do you understand?’ Ms. Martinez
graciously responded, “1 understand completely.” Chris' squestionillustrated that
the students grew to be confident about their mathematical thinking and that they
wanted the expression of their thinking to be meaningful to others, including their
teacher.

From early inthe school year, Ms. Martinez desired to engage all of her students
in her teaching of mathematics. When the class was at Level 0 with respect to
student responsibility, Ms. Martinez repeated student responses originally directed
to her so that al the studentsin the class could hear. Students passively listened to
redirected statements of their peers and did not engage in the thinking of other
students. In other words, students’ fundamental belief wasthat they needed to listen
to and imitate the teacher (not other students) in order to successfully learn math-
ematics. Inthe Level O classroom, students did not demonstrate confidencein the
waysthat they solved problems. Ms. Martinez unilaterally verified the correctness
or problems in student work. Students did not have the opportunity to develop a
full understanding of the mathematics involved because the focus was on fixing
work so the student would get the correct answer. Students were uncomfortable
being in the front of the room and unaccustomed to discussing the waysin which
they found their answers. Students’ responses were quietly directed to the teacher
and not intended for thewhol e classto hear. Under these conditions, Ms. Martinez
assumed the role of explaining, which meant also choosing the language that
would convey theinitia student ideasto the class.

Ms. Martinez' sclassmovedto Level 1intheresponsibility for learning compo-
nent as she began holding her students accountablefor listening to one another and
as she began to focus on thinking and not just on answersin the evaluation of student
work. Her explicit tacticsthat wereintended to stimulate accountability led students
to believe they should listen to what was being said by other students because they
might be called upon to repeat something that was said in the course of the discus-
sion. Ms. Martinez made an effort to ask about student thinking, but not to repeat
for the students herself. She let other students start taking on this role. Although
students became abl e to repeat what other students were saying, this did not seem
to advance the class discussion. However, it did often succeed in keeping students
alertin classand honed listening skills. At times, Ms. Martinez had students repeat
correct and incorrect information without also making decisions or comments
about the validity of theinformation. Although this was amove forward in terms
of holding students accountable to listening to one another, the repeating process
often impeded the flow of the class. As Ms. Martinez stopped to have students
repeat, the continuity of the potentially meaningful discussion was often lost.

In an effort to build accountability and scaffold students into taking responsi-
bility for their learning, Ms. Martinez abandoned this rather limiting (but perhaps
a helpful transitional) practice for one that was more successful in engaging
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studentsto think about mathematics. The class shifted to Level 2 in student respon-
sibility for learning when Ms. Martinez began having students explain the math-
ematical thoughts of others more fully and in their own words. This resulted in
student listeners comparing the work of others with their own thoughts. Students
were challenged to spend timetrying to understand what others meant in their expla-
nations instead of mindlessly reiterating the words used by them. At Level 2, Ms.
Martinez facilitated deeper student thinking and responsibility by asking substan-
tive questions, such as “What would you have done, Nathan? Would you have
counted the same way he did?’ and “What was the difference between how
Michael counted and how Nathan counted?’ This processrequired studentsto think
more deeply about their own and another students’ ideas. Thisreworking of expla-
nations eventually helped even lower-achieving studentsto compare strategies. Ms.
Martinez also modeled for students the questions that helped them participate in
the evaluation process. By being able to decide whether or not they agreed or
disagreed with the explainers, they were ableto shift into theroles of critic, helper,
and supporter with respect to other students' work.

The shift to Level 3 in this component of the Levels of Math-Talk Learning
Community framework occurred as students took the initiative to clarify other
students’ work and ideasfor themselves and for others during whole-class discus-
sions and small-group interactions. The teacher alone did not give the construc-
tive feedback for student work. Rather, it was co-evaluated by all of the partici-
pants in the math-talk learning community as part of the ongoing supportive
helping process.

At Level 3, Ms. Martinez was able to have one or more students help another
student whilethe rest of the class moved to another explanation. Thus, Ms. Martinez
was ableto focus on more studentsin the span of the classroom time while students
evaluated and helped each other make corrections in their work. Ms. Martinez
reported that refraining from making verbal assessments of student work when
students could be making those comments was a challenging change, but she
thought it had been very beneficial. Individual students also took responsibility in
the Level 3 classroom by initiating group practice such aswith the count-bys (e.g.,
count-by 6: 6, 12, 18, 24, 30, 36, 42, 48, 54, 60) during slow parts of class periods
or during times when the teacher was helping individual students.

Thefollowing example of Level 3 responsibility for learning showsone student’s
quest for place-value understanding. Several other students became involved in
ng and assisting her understanding. Ms. Martinez acted in asupporting rather
than central rolein this situation.

Level 3 Responsibility for learning: The whole class acts as teachers when
students do not under stand—students assist other students in understanding.
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(Henry has solved this problem at the board from left to right.)

Ms. Martinez:

Liz

Maria:
Liz

Maria:

Ms. Martinez:

Rodney:

Ms. Martinez:

Helena:

Chris:

Ms. Martinez:

Chris:

Ms. Martinez:

Chris:

Ms. Martinez:

Liz
Santos:
Maria:

Ms. Martinez:

Saul:

Santos:
Sudents:

Ms. Martinez
Liz (strongly):

Ms. Martinez:

Saul:

485

+ 376
700
150
11

861

Liz, do you have a comment?

How come he has a one over here, one in the ten and the other in the ones
if thereare 11 ones?

I know why, because 6 and 5is 11 and he can’t put that in one column.

(Shegoesto theboard.) How comethey put 1 inthetensand 1 intheones,
how come oneis over here and oneis over here?

6+5is1l.

Does someone else want to try to explain?

(Six students raise their hands to respond.)

If we put thewholething hereit would al be ones, but thisistensand ones.
How about it Liz, understand? Satisfied? (Pause.) Sheisstill alittle unsat-
isfied. Who can try to explain?

Theother timeyou said. . . [to add |eft to right] we can count first the 100s,
then the 10s and then the ones, we have 11 here, we are counting ones not
10s.

(Eight students raise their handsto try to explain.)

Because 11 has one ten.

And?

Because 11 has one ten and you can't put 11 in the ones column.
Why?

Because it goesin the ten column.

But oneisin the ones.

The 11s are the ones, and you put the tens and the ones.
Teacher, | think | know.

(She has approached the board.) 6 + 5is 11.

Y ou keep saying the same thing, but what doesit mean? One more person.

(He has now joined Maria at the board.) 11 has one ten, so it goes here
(points to the tens column).

If you put it in the bottom, it would be 862.

No, 8000 (meaning it would be 8611, moving 8l eft to the thousands place).
Liz still has aquestion.

THE 11sARE STILL THE ONES, HOW CAN YOU HAVE ONE IN THE
TENS AND ANOTHER IN THE ONES?? (She does not see eleven as 1
ten and 1 one or cannot use that knowledge here.)

Saul, do you get it?

It would be 8611. (Hewrites thisin the answer line of Henry' s problem.)
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Ms. Martinez.  We don't have any more time.

Students: Aaahhhhh!
Ms. Martinez. Wewill haveto think about the best explanation for tomorrow, think about
it tonight.

Liz continued to search for understanding with the students around her at the
lunch tablefollowing thisclass. Asaresult of further student interactions, Liztold
Ms. Martinez that she was satisfied with her understanding when the classreturned
from lunch.

This excerpt illustrates Ms. Martinez having chosen to involve herself as a
supporter of the discussion while alowing students to take the central explaining
role. Rather than resolve Liz's misconceptions herself, she gave other students
opportunitiesto try to understand LiZ' s thinking and to help her by explaining in
such away that Liz would understand. Students were so engaged in the Level 3
situation that they impatiently waited to contribute to the discourse. Many clam-
ored for the opportunity to help Liz understand the situation. Studentswerevisibly
disappointed when they had to stop interacting around this mathematical dilemma
and go to lunch. Liz's press for understanding and Saul’ s explaining at the board
illustrate the progress made by the shy studentsin this classroom. These particular
studentswereinitially very reluctant to share their thinking. They grew confident
and comfortable enough to initiate sharing their thoughts. Liz even continued to
pursue understanding in the face of many students who did not seem to share her
perspective, but were instead trying to fix it.

As students learned to listen in order to understand each other’ sthinking in the
Level 3 classroom, several positive classroom consequences resulted. For example,
when anumber of different solution strategies were possible for problems or situ-
ations, students listened carefully to contributions that others made to the discus-
sion to be sure that what they would contribute would be new information. Listening
to understand also launched students in the collaborative initiative to become
assisters for one another, as in the excerpt above. To successfully assist one
another, they needed an awareness of their own understanding of the material and
they needed to understand one another’ s perspectives. Ms. Martinez increasingly
relied on students who understood material to assist her in teaching students who
did not yet fully understand. Students offered help and accepted help graciously
from their fellow co-learners.

Moving Through the Levels

The case-study class moved quickly from Level 0to Level 1inal components
of the math-talk learning framework. This movement can be attributed in part to
the use of the CMW curriculum that supports a focus on student thinking and
explaining of ideas. Changessimilar tothosein Level 1 were observed in Everyday
Math classrooms (Mills, 1996; Mills, Fuson, & Wolfe, 1999).

Ms. Martinez' s classthen spent approximately 8 weeksat Leve 1 before moving
to Level 2. Becausethe Level 1to Level 2 transition represents the greatest shift
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in the classroom—from the teacher asthe central figurein the math-talk commu-
nity to the students as central figures—this transition may represent a difficult
changefor theteacher and classto make and may taketime even with studentswho
are not also learning English.

The classoperated asaLevel 2 math-talk |earning community for 3 monthsbefore
exhibitingamajority of Level 3 characteristics. Thistransitionto Level 3waseven
more gradual than the Level 1 to Level 2 transition. Examples of Level 3 attrib-
utes occurred more frequently over time as students took on more central rolesin
the math-talk learning community. The class began to function fully asalLevel 3
community early in March. Ms. Martinez left the school for her maternity leave
early in April.

There were fluctuations from the overall upward trajectory in levels whenever
new topics were introduced. Students needed to learn the new vocabulary and
concepts of a new topic in order to function as a higher-level math-talk commu-
nity. These drops in level were particularly apparent when the class shifted in
December from their extensive work on multiplication and division to multidigit
addition and subtraction.

It sometimestook the students several daysto beginto resumetheir rolesasques-
tion askersand explainers asthey learned the language and representations of each
new domain. During this adjustment time, Ms. Martinez functioned in a more
central position and was responsible for more of the discourse. She stated, “ Once
| go over it and give them a sample of how | would explain, they seem to catch on
better. They are more sure of what words to use and what drawings they can use,
eventhough | tell them that whatever drawingisfine. But they are not sureif what
they are going to say isright.” Ms. Martinez asked many Level 1-type questions
to support student familiarity with the language in the new areas of mathematics.
Although Ms. Martinez resumed a more central role in these classes than she had
in the preceding weeks, her goal was to familiarize students with the language of
thenew domain (e.g., place value) so they could resumetheir more significant roles
in the math-talk learning community. Her growing belief in the abilities of her
students motivated her to support them to participate in the math discourse quickly
in each new domain. Furthermore, because the expectations of the classasawhole
had changed, she noted, “When it’s more of ateacher-centered class, | tendto lose
kids.” After brief functioning at Level 1, the classreturned to higher Level 2 and
Level 3 characteristics as they explored the new mathematics together.

Students’ must have a grasp of the language of the domain of mathematicsin
order to carry on math talk both to describe one’ s own thinking question or extend
thework of others. M. S. Smith (2000) similarly found that the teacher in her study
was most directive at the beginning of a unit, and that later the class as awhole
was more comfortable discussing the content. Mendez (1998) stated a similar
conclusion in her study of robust mathematical discussions, “The need for signif-
icant mathematics within the students' zones of proximal development was found
as another necessary condition for robustness’ (p. 146). In other words, the math-
ematics must be accessible to students or familiar enough for them to be able to
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participate in meaningful discourse. Asteachers move through the year, they will
needtofall back toLevel 1 or Level 2toassist studentsin building vocabulary and
conceptsin new content areas. Furthermore, not every day includes extensive math
talk. Some days may involve individua or student-assisting paired practice.

Teacher Actions Facilitating Transitionsto New Levels

Ms. Martinez enacted particular actions to support class transitions from level
tolevel acrossall of the components of the math-talk learning community, as shown
inthe summary in Table 2. Each of these teacher actionswasfollowed by a corre-
sponding changein student actions. To movefromLevel Oto Level 1, Ms. Martinez
began to focus more on students’ mathematical thinking asthey arrived at answers
and less on the answers themselves. To move from Level 1 to Level 2, Ms.
Martinez increasingly expected students to take on substantial roles in the math-
talk learning community, and she assisted them in learning theseroles. Moving from
Level 2 to Level 3 involved increasing expectations on Ms. Martinez's part that
students would take central roles in the math-talk learning community; she gave
them the space that they needed to take ownership of the roles, then she coached
and assisted them as they became major participants in the math talk.

Table2
Ms. Martinez' s Means of Assistance for Making the Transition to a New Level

Means of Assistance

Level OtoLevel 1 Ms. Martinez began asking questions that focused on mathematical
thinking rather than answers. She assi sted studentswhen they attempted
this new task by modeling language.

Level 1toLevel 2 Ms. Martinez began to fade from the central role in the physical and
discourse space and assisted students in taking on substantial rolesin
the discourse community. She probed for student thinking and assisted
studentsin clarifying their thoughts when necessary. She asked ques-
tions that were open-ended rather than “fill in the blank” and sought
extended descriptions of multiple student strategies.

Level 2toLevel 3 Ms. Martinez expected studentsto take on central roles and gavethem
the physical and discourse space to do so. She coached and assisted
students in their participatory roles in the discourse. She expected
studentsto assist one another voluntarily and assisted themin doing so.
Ms. Martinez actively monitored interactions and remained available
from the side or back of the room to assist when students needed clar-
ification or when an interaction needed support.

Srength of the Student Community

The continuity of the community in Levels2 and 3 was not totally dependent on
the presence of Ms. Martinez. For example, continuity was apparent even when
there was a substitute teacher during one observation near the end of November.
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Inthisclass, individual studentswrote solution strategies at the board. The substi-
tute teacher asked students one by one to explain their work and tried to move
quickly through the problems. Instead, her pace was interrupted numerous times
by students saying they were not ready to move to the next problem because they
had questions or comments for the student explainers. The substitute was amazed
by the students’ initiative. Similar events occurred after Ms. Martinez left for her
maternity leave in April. Her replacement was unaccustomed to the level of
involvement that the studentsinitiated. This new teacher had to work to increase
hislevel of expectation for the studentsand hisown rolein the mathematics class-
room to fit into the existing math-talk learning community.

CONCLUSIONS AND FUTURE RESEARCH

Principles and Sandards for School Mathematics (NCTM, 2000) emphasizes
theimportance of learning in amathematics community becauseit fosters students’
communication of mathematical ideas and helps students to build mathematical
understandings. Discussion of mathematical ideas provides opportunities for
students to reason, defend, and prove their conceptions to one another. Over the
course of the year, Ms. Martinez' s students reached these challenging communi-
cation standards. Developing an environment where this type of math talk takes
place can be adaunting task for teachers. By specifying components and levelsin
the creation of such an environment and by describing specific means of assistance
that Ms. Martinez and her students provided to each other, thisarticle offersassis-
tance to others trying to build such a community. The framework can guide
teachers to listen to their students, to draw out students' ideas, and to encourage
students to listen to each other. Moreover, this study demonstrates that an effec-
tive math-talk learning community can be devel oped in urban classrooms, even with
students till learning English. For thisreason, we believe that the results described
here are widely generalizable.

Thisresearch resonates with, and extends prior research on, the devel opment of
mathematical discourse. Like previous research, we have argued that opening up
one’ sclassroom to students’ ideasisthe critical first step in achieving adiscourse
community (e.g., Fennemaet al., 1996). However, this article examines the steps
beyond theinitial Level 1 community and describes the interrelated components
inalLevel 2 and Level 3 discourse community.

Sinceits development, the math-talk framework that resulted from this study has
been used with over 200 preservice and in-service teachers across multiple school
settingsin professional development situations. Teachers expressed the belief that
theframework isaccessibleto them and also doable; it provided themwith avision
for change. Specifically, many teachers attributed changes in their practice to
conversations about the framework held in after-school mathematics meetings. The
math-talk framework is one element that is possibly useful in scaffolding teacher
change. Although this study focused on the changein practice of apersonrelatively
new to the teaching profession, we have aso found similar changes among more
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experienced teachers who discussed the framework described in this article (e.g.,
Drake, 2000).

Future research needs to focus more specifically on what happens during the
transitions between levels in each of the components and how those transitions
could be effectively supported in classrooms. It a so needsto examine variousways
to assist teachers in making these changes. In this research, the teacher was
assisted by the research-based CMW curriculum, the reform-focused school
administrators, and weekly feedback from the researcher. These together facili-
tated rapid change that could be studied and described over a several-month
period. For widespread impact, there is a need to understand how to assist thou-
sands of teachers in their movement through the levels of math-talk learning
community with individual weekly support. Means of assistance that could be
widely available are curricul ar supports embedded within acurriculum, materials
to support teacher discussion and reflection, videos of classroomsillustrating the
higher levels, and Web-based teacher assistance programs that could support
answers to teacher’ s questions and teacher interaction and support of each other.
Systems of teacher professional development that could help teacher-learning
communities themselves move through math-talk levelswould develop the truly
expert teachers needed in the 21st century.
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