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The	Math	Practices	in	action

A	teacher	asks	every	day:		
Did	I	do	math	sense-making	about math	structure	
using math	drawings	to	support	math	explaining?

Can	I	do	some	part	of	this	better	tomorrow?





Highlights	of	NF	Standards	by	Grade

Grade	3		
Fractions	as	numbers	composed	of	unit	fractions	1/d
Find	simple	equivalent	fractions	and	compare	for	like	numerators	or	like	denominators

Grade	4		
General	fraction	equivalence	and	general	compare	fractions
Add	and	subtract	like	denominators
Whole	number	times	a	fraction

Grade	5		
General	addition	and	subtraction	(find	equivalent	fractions	if	needed)
General	multiplication	of	fractions;	multiplication	as	scaling	(resizing)
Division	of	whole	numbers	results	in	a	fraction;	division	with	unit	fractions

Grade	6		
General	division	of	fractions

[Grade	7		Fluency	with	all	fraction	operations]



G2	Related	Geometry	Standard		2.G.3

Grade	2:	Reason	with	shapes	and	their	attributes.

3.	Partition	circles	and	rectangles	into	two,	three,	or	four	equal	shares,	
describe	the	shares	using	the	words	halves,	thirds,	half	of,	a	third	of,	etc.,	and	
describe	the	whole	as	two	halves,	three	thirds,	four	fourths.

Recognize	that	equal	shares	of	identical	wholes	need	not	have	the	same	
shape.



G3	NF	Standards:		3.NF.1,	2,	3

Grade	3:	Develop	understanding	of	fractions	as	numbers.

1.	Understand	a	unit	fraction	1/b	as	the	quantity	formed	by	1	part	when	a	
whole	is	partitioned	into	b	equal	parts;	understand	a	fraction	a/b	as
the	quantity	formed	by	a	parts	of	size	1/b.

2.	Understand	a	fraction	as	a	number	on	the	number	line;	represent
fractions	on	a	number	line	diagram.

3.	Explain equivalence	of	fractions	in	special	cases	[small	numbers],	
and	compare	fractions	by	reasoning	about	their	size	[same	denominator	or	
same	numerator].



G3	Difficulty	Seeing	the	Parts	Within	the	Total

The	Children’s	Math	Worlds	solution:

Most	fraction	drawings	are	intended	to	be	seen	as the	total	with	the	part	
embedded	within	it.		Seeing	the	embedded	part	is	difficult.
Error:		See	the	first	part	and	the	second	part	and	write	those	numbers:	
3/2	instead	of	3/5

A.	Initially	make	fraction	drawings	in	two	steps:
1.	Divide	the	whole	into	unit	fractions.
2.	Circle/shade	the	number	of	unit	fractions	you	want.

B.	Write	unit	fractions	numerically	with	each	part	to	see	a	numerical	unit	
fraction	and	to	emphasize	the	meaning	of	the	denominator as	the	number	
of	equal	parts	of	the	whole.



First	see	all	the	unit	
fractions	visually	and	in	
fraction	notation.

Then	shade	or	circle	the	
unit	fractions	you	need.



G3	Number	Line	Standard		3.NF.2

2.	Understand	a	fraction	as	a	number	on	the	number	
line;	represent	fractions	on	a	number	line	diagram.

a. Represent	a	fraction	1/b	on	a	number	line	diagram	by	defining	the	
interval from	0	to	1	as	the	whole	and	partitioning	it	into	b	equal	parts.	
Recognize	that	each	part	has	size	1/b	and	that	the	endpoint	of	the	part	
based	at	0	locates	the	number	1/b	on	the	number	line.

b. Represent	a	fraction	a/b	on	a	number	line	diagram	by	marking	off a	
lengths	1/b from	0.	Recognize	that	the	resulting	interval	has	size	a/b	and	
that	its	endpoint locates	the	number	a/b	on	the	number	line.



Not	Enough	Unit	Lengths

Errors	when	drawing	or	using	number	lines

Error:	Not	enough	unit	lengths-
student	counts	marks	rather	than	lengths.

Correct:		Count	3	unit	lengths



G3	Too	Many	Unit	Lengths

Correct:	Count	3	new	marks	to	create	4	unit	lengths.

Makes	marks	instead	of	lengths

Error: Makes 4 marks instead of 4 lengths. 

Given:

Given:

, do

, do



You	can	help	students	see	the	lengths	on	number	lines	by
a) relating	unit	lengths	on	number	lines	to	lengths	more	

easily	seen	in	fraction	bars,
b) encircling	the	lengths	on	number	lines,
c) having	students	run	a	finger	along	each	length	to	

count	the	unit	fractions	on	the	number	line.

It	is	vital	for	the	teacher	to	emphasize	the	lengths	in	all	
work	with	number	lines.

G3	See	Lengths	on	Number	Lines



Seeing	the	Fraction	Lengths

Step 1: Make the 4 unit fractions ¼ within each 1 whole.

Step 2: Shade or encircle 7 unit fractions and label the number line.



The	Number	Line	Numbers	Tell	the	Number	of	Units	So	Far



Grade	2:		Students	have	to	see	the	length	units
on	a	ruler	and	number	line	diagram	
and	on	bar	graph	and	line	plot	scales

Students	need	to	see	how	length	units
are	composed	to	make	a	ruler



G3	and	G4	Comparing	Fractions

3.NF.3d.	Compare	two	fractions	with	the	same	numerator	or	the	
same	denominator by	reasoning	about	their	size.

4.NF.2.	Compare	two	fractions	with	different	numerators	and	
different	denominators,	e.g.,	by	creating	common	denominators	
or	numerators,	or	by	comparing	to	a	benchmark	fraction	such	as	
1/2.

Grade	3	and	Grade	4:
Recognize	that	comparisons	are	valid	only	when	the	two	
fractions	refer	to	the	same	whole.	
Record	the	results	of	comparisons	with	the	symbols	>,	=,	or	<,	
and justify	the	conclusions,	e.g.,	by	using	a	visual	fraction	
model.



G3	Compare	Unit	Fractions	With	Same	Numerators



Physically	divide	(equal-fracture)	each	unit	fraction	in	the	visual	model	to	get	
more but	smaller	unit	fractions in	the	numerator	and	the	denominator.
Numerically	multiply	the	top	and	bottom	of	the	written	fraction	to	get	more but	
smaller unit	fractions.

You	see	the	numbers in	the	written	fraction	getting	bigger,	
but	you	do	not	see	the	unit	fractions	getting	smaller	except	in	visual	models.
You	have	to	remember	that	a	larger	denominator	is	a	smaller	unit	fraction.	

G4	Make	Related	Opposite	Changes	for	Equivalent	Fractions

Equivalent	fractions	are	made	by	dividing	physically	
butmultiplying	numerically:



G4	More	Visual	Models	for	Equivalent	Fractions

Equivalent Fractions

Equivalent fractions are made by:

  a. more but smaller parts  

b.  fewer but larger parts
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G4	Many	Equivalent	Fractions



Fraction	Strips	for	2/7:		Multiplication	Table	Rows



Drawing	to	show	why	the	fractions	are	equivalent



Equivalent	fractions	box



Equivalent	fractions	box



You	see	the	numbers in	the	written	fraction	getting	smaller,	
but	you	do	not	see	the	unit	fractions	getting	bigger	except	in	visual	models.
You	have	to	remember	that	a	smaller	denominator	is	a	larger	unit	fraction.	

G4	Make	Related	Opposite	Changes	for	Simplifying	to	an	
Equivalent	Fraction

Equivalent	fractions	are	made	by	grouping	physically	
but dividing	numerically:



Common	error	when	adding	fractions	is?



G4	Adding	and	Subtracting	Common	Error

Common	error:	
Add	fractions	by	adding	the	tops	and	adding	the	bottoms

Children’s	Math	Worlds	Solutions

1. Offer	many	experiences	writing	sums	of	unit	fractions	where	the	
denominator	stays	the	same	number	and	include	drawings.

2. Find	partners	of	a	whole	to	practice	this	concept	and	use	drawings.

1. Show	addition	and	subtraction	models.	Write	the	sum	or	difference	above	
the	unit	fraction	as	a	middle	step.



G4	Write	
Sums	of	Unit	
Fractions



G4
Decompose	
Fractions



G4	
Add	and	
Subtract	
Fractions

3 sevenths + 2 sevenths = 5 sevenths

6 sevenths - 2 sevenths = 5 sevenths



G4	and	G5	Cases	for	Finding	a	Common	Denominator

Strategies	for	finding	the	common	denominator.	
Analyze	pairs	of	fractions	into	three	classes:



G5					5.NF.4	
Any	Fraction	
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G5						5.NF.4	
Any	Fraction	
Times	Any	
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G5	Add,	Subtract,	Compare,	and	Multiply



G5	Compare	the	Product	to	a	Factor				5.NF.5



How	would	you	want	to	divide	fractions?

What	would	make	sense	from	multiplying	
fractions?



G6	Seeing	Division	as	Finding	the	Unknown	Factor	in	an	
Area	Situation



G6	Seeing	Division	as	Finding	the	Unknown	Factor	in	an	
Equal	Groups	Situation



G6	Seeing	Division	as	Finding	the	Unknown	Factor	
Numerically



G6	Unsimplify	to	Divide	and	See	That	You	Have	Multiplied	by	
the	Reciprocal



G6	Two	Ways	to	Divide	Fractions

1. If	you	can,	divide the	top	and	bottom	numbers		
(the	numerator	and	denominator)	of	the	product	
by	the	top	and	bottom	numbers	(the	numerator	
and	denominator)	of	the	factor.

1. If	you	can’t	divide	easily,	flip	the	factor	and	
multiply the	product	by	it	(multiply	the	product	
by	the	reciprocal	of	the	factor).



Visual	models	are	central	core	ideas	and	practices	
in	the	CCSS	and	support	reasoning	and	explaining.

The	models	can	be	simple	math	drawings
that	students	can	make	and	use	in	their	own	ways	
in	problem	solving	and	explaining	of	thinking.

We	want	classrooms	to	be	using	the	mathematical	practices:
Students	focus	on	math	sense-making	about	math	structure	

using	math	drawings	(visual	models)	to	support	math	explaining.

Reason	about	unit	fractions.
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